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Introduction

Introduction

Study the geometry of control systems.
Objects
@ left-invariant control affine systems on matrix Lie groups

Equivalence

@ state-space equivalence

Problem

Classify control affine systems on SE(1,1) under state-space equivalence
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Control systems

Left-invariant control affine systems

Left-invariant control affine system ¥ = (G,
State space G

@ matrix Lie group with Lie algebra g
Dynamics =
o family of left-invariant vector fields
= GxR = TG,
(g’ U) = gE(lv u) = g(A +wuBr+---+ Ung),
withg € G, ueRland A By,...,B € g
e {Bi,..., By} linearly independent
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Control systems

Trace [ of X

I is the image of the parametrisation map =(1,-),
i.e. the affine subspace

Fr=A+rm"=A+(B,...,B) Cg.

2 is called

@ homogeneous if A €

@ inhomogeneous if A ¢ I

v

All systems satisfy Liel = g
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Control systems

Controls and Trajectories

Admissible control
o u(-): [0, T] — RY

@ piecewise continuous

Trajectory
° g(:):[0,T] > G
@ absolutely continuous map such that

g(t) ==(g(t),u(t))  (ae)

| A\
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Control systems

State-space equivalence: definition

State-space equivalence (S-equivalence)
Y =(G,Z) and ¥’ = (G, Z’) are S-equivalent if

@ there exist open neighbourhoods N,N’ C G

@ a (local) diffeomorphism ¢ : N — N’ such that the following diagram
commutes:

N x R¢ 2% N7 & R

-| =

TN—— TN
Té
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Control systems

Remarks and characterisation

S-equivalent systems

@ equivalent up to a change of coordinates in the state space

@ trajectories in one-to-one correspondence

Algebraic characterisation

Y and ¥/ PN v € Aut(g) s.t. ¥ -=(1,u) =='(1,v),
S-equivalent for every u € Rf
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The semi-Euclidean group

The semi-Euclidean group

1 0 0
SE(1,1) = v coshf sinh@| :v,w,0€R
w sinhé cosh@

@ connected, simply-connected, three-dimensional Lie group

@ orientation-preserving motions of Minkowski plane
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The semi-Euclidean group
The semi-Euclidean Lie algebra

se(1,1)
0 00O
se(1,1)=<q v 0 0| :v,w,#eR
w 6 0
Standard Basis
0 0O 0 0O 0 0O
Et=11 0 O E-=10 0 O Es=(0 0 1
0 0O 1 00 010
Commutators
[E2,E3]=—-E1  [E3,Ei]=E  [E1,E]=0
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The semi-Euclidean group

Automorphism group

X y v
Aut(se(1,1)) = ky kx wl| :v,w,x,y e R; x> #y? k=+1
0 0 k

Dennis Barrett (Rhodes) A Classification of Control Systems RU Math Seminar 11 /31



Classification

Classification

Objective

Classification of control affine systems on SE(1,1)
under S-equivalence.

Method
@ apply successive automorphisms to simplify class representatives
@ result: collection of potential representatives

@ confirm that potential representatives are not equivalent
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Classification
S-equivalence in matrix form

=(l,u)=A+ wuB+ u;C+ usD

se(1, 1)-automorphisms

a|b a d X y v

Slu)=| a| b o d V= | ky kx w

as b3 C3 d3 0 0 k

S-equivalence on SE(1,1)

Y is S-equivalent to ¥’ = I € Aut(se(1,1)) s.t.

X y 4 al b1 C1 d1 a/l b/1 Ci d{

ky kx w a|b o d|=|a|b ¢ d

0 0 k as b3 C3 C/3 aé bé C:I,’ dé

v
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Classification

Breakdown of classification

Division of cases

@ separate into four cases

e number of inputs
o homogeneity

@ no single-input homogeneous or three-input inhomogeneous systems

@ two-input inhomogeneous and three-input homogeneous cases have a
further three subcases

@ eight propositions
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Classification

Single-input inhomogeneous systems

Proposition 1

Any single-input inhomogeneous system ¥ on SE(1,1) is S-equivalent to
exactly one of the following:
2(171) .
1o . abEs3+ ub
1,1
Zg,&’)% o B+ Y1 Es + u(aE3)

Here o > 0 and =1 € R, with different values yielding distinct class
representatives.

In matrix notation

| \

1,1 01 1,1 110
=u)={ 00 =D Quy=1| 0|0
a|0 v | @
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Classification

Single-input inhomogeneous systems

Sketch of proof

@ Start with arbitrary inhomogeneous single-input control system _:

al b1
E(l,u):A—l-ulB: as | by
as | bz

@ We consider two cases:

Q b=0
Q b3 #0

@ Suppose first that bs = 0

= a3#0 and b2 # b3 since Liel = se(1,1)
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Single-input inhomogeneous systems

Classification

Sketch of proof, cont'd

i —a
1 0 (33)
__sgn(as)az
o | 0 sgn(zs) —nlE:
0 0 sgn(asz)
r b _ sgn(a3)br
bi—b3 bi—bj
o | _sgn(@)h by
b7 —b3 b?—b3
L 0 0

0

1

ai b1 0 bl
an b2 = 0 sgn(ag)bg
a3 | 0 |a3| 0
0 by 1 0 |1
0 |sgn(as)b | =] 0 |O
|as] 0 las| | O

@ Therefore ¥ is S-equivalent to pa

l,a

(with a = |az| > 0)
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Classification

Single-input inhomogeneous systems

Sketch of proof, cont'd

@ Now suppose that b3 # 0
1 0 _% al bl 3,1 0
°© | 0 sgn(bs) —% a|b |=]a| 0
0 0 sgn(bs) a3 | bs a | |bs]
[ 3 3
Gr-wF  @EEe 0| [l o0 1] 0
o | ____ 2 a 0 | 0 [=[0] 0
(a1)°=(a3)*  (a1)*—(ay)? a | b am
0 0 1 3 | [bs] a3 | | bs]
@ Therefore ¥ is S-equivalent to Zg&l’)n (with oo = |b3| > 0,
Y1 = a’3 S R)
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Classification

Single-input inhomogeneous systems

Sketch of proof, cont'd

o Classification almost complete

(1.1)

@ Show that Zgi’xl) is not equivalent to Zz’am

@ Show that 251&1) is a unique representative for unique values of & > 0

(similarly for &3 7
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Classification

Single-input inhomogeneous systems

Sketch of proof, cont'd

@ Suppose 1) - :(1’1)(1, u) = =(t1) (1, u)

_17a _230/7’71
X y v 01 av | X 110
o | ky kx w 0|0 | =]|aw|ky | =] 0] 0
0 0 k al0 ak | 0 " |
@ Implies @’ = 0 — contradiction!
Therefore ={""!) ival )3 )
° erefore 2 not equivalent to o
@ Similar process to confirm Z%&l), Zgi)% are unique representatives

for unique a >0, 11 € R
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Classification

Two-input homogeneous systems

Any two-input homogeneous system ¥ on SE(1,1) is S-equivalent to
exactly one of the following (where a > 0, v; € R):

f&o,)y,- v E1 + 72E3 + u1(E1 + 3E3) + wa(aE3)
g?&ogw MEL + 12Es + ui(aE3) + wkEy
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Classification

Two-input inhomogeneous systems, case (a)

Any two-input inhomogeneous system ¥ on SE(1,1) with

Liel® = se(1,1)

is S-equivalent to exactly one of the following (where a > 0, 51 # 0,
~vi € R):

zfi)ﬁlm i mE 4+ BB+ B3 4 ui(Er + 13E3) + ux(aks)
Zg{i)ﬁlm : mE+ BB+ B3 + ui(aB3) + b
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Classification

Two-input inhomogeneous systems, case (b)

Proposition 4
Any two-input inhomogeneous system ¥ on SE(1,1) with

Lie® + se(1,1) and E;(r% = {0}

is S-equivalent to exactly one of the following (where o > 0, §; # 0,
Y1 € R):

zgixl,%zm 0 BiEs +ui(mE + ab) + wk
Zf‘%ﬂt) D BB+ n(B2Er) + u(Er + Bp)
Zgﬁ%) D BB+ u(E — B2) + w(Er + Bp)
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Classification

Two-input inhomogeneous systems, case (c)

Any two-input inhomogeneous system ¥ on SE(1,1) with

Lie® £ se(1,1) and E; (%) +# {0}

is S-equivalent to exactly one of the following (where oo > 0, §; # 0,
v € R):

Zg[’gli’)w . BiEr + B+ ui(EL + B2 + 12 E3) + uo(B2E3)

252/81,)7, : B - B+ mE+ wn(b + B2 +72E3) + ua(B1E3)

zézﬁl)% t BB+ mEs + n(BeE3) + w(Er + Ep)

Zgzﬁl)w : B-B+mB+wu(fiBs) + w(b + E)

v
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Classification

Three-input homogeneous systems, case (a)

@ ¥ — three-input homogeneous system on SE(1,1)
o =(l,u)=A+wu1B+ wC+ usD

i

If Lie(C, D) = se(1,1), then X is S-equivalent to exactly one of the
following (where a > 0, 51 # 0, 7; € R):

3,0
oy ¢ ME+71E+7Es

+ u1(yaE1 + B1Ex + 5E3) + wp(Er + Y6 E2) + uz(akE3)
b ¢ B+ +7Es

+ u1(yaE1 + Br1Ex + 5 E3) + up(aE3) + uzky
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Classification

Three-input homogeneous systems, case (b)

If Lie(C, D) # se(1,1) and E5((C, D)) = {0}, then X is S-equivalent to
exactly one of the following (where a > 0, §; # 0, 7 € R):
3,0
§7a7)5,77j Y1E1 + 2B +3E3
+ui(B1E3) + ua(vaE1 + aB2) + w3y
Zf’g?,)w © mb 7B+ 3k
+u1(B1E3) + ua(B2E1) + us(Er + E2)
ZS/}?,)W : mE+ B+ ks
+ui(B1E3) + w2(E1 — E2) + us(Er + E2)
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Classification

Three-input homogeneous systems, case (c)

If Lie(C, D) # se(1,1) and E5((C, D)) # {0}, then X is S-equivalent to
exactly one of the following (where a > 0, 8; # 0, 7; € R):

3,0
Zéyg,,)vj © mE+ B+ 1363

+ u1(BrLEL + VaE3) + up(Er + Ex + 5 E3) + u3(B2E3)
Z%?,)W © mE+ B +3E3

+u1(Er — B2 + 7aE3) + w2(E1 + E2 + 75 E3) + us(B1E3)
25(3?75?,)%. : mE+7E +13E3

+u1(B1E1 + 74 E3) + w2(B2E3) + us(E1 + EBz)
ZS’;L] : mE+ B+ ks

+ U1(E1 — E, + ’}/4E3) + u2(B1E3) -+ U3(E1 + E2)

v
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Classification

Summary of results in matrix form

Single-input inhomogeneous systems

0|1 1|0
0|0 010
a0 T | @

a>0,711€eR

Two-input homogeneous systems

7|1 0 7
0|0 O 0
Y2 |73 @ 72

a>0,v€eR

QO o o

O O
.
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Classification

Summary of results in matrix form

Two-input inhomogeneous systems

m|1l 0 m|0 1
61 0 0 51 0 0
Y2 |13« Y2 | a 0
0|m 1 05 1 ol 1 1
0| O 0|0 1 0|-1 1
1] 0 O 61| 0 O 61| 0 O
Gal1 o7 [1]1 o
0|1 O —-1]1 O
Mmlve B21 Lm|r b
glo 17 [1]0 1
0[]0 1 -1]0 1
M| 01 [ m|B O
(X>O,/3,‘?—LO,’VJ‘ER

v
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Summary of results in matrix form

Classification

Three-input homogeneous systems

7
V2
73

7
V2
73
0 Y4 1
0 a O
i 0 O
71
V2
73
71
Y2
V3

V4
b1
5

|

B
0

V4
B
0
Ya

1
0

Y6

et
V2
73

0
0
e

1 0
1 0

5

0
0

f2

B |

1
1
0

0 p
0 O
Br O

it
V2
73

1
1
0

71
V2
73

71
V2
V3

S o o

-1
Ya

a>0,6,-7é0,'yjeR

f1

v
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Conclusion

@ global equivalence

@ S-equivalence very strong — many representatives

@ weaker equivalence, e.g. detached feedback equivalence

Conclusion

v

What next?

@ optimal control problems

@ more equivalences: linear, cost-extended

\
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